We present a conjecture that the universal enveloping algebra of differential operators ∂ ∂t k over C coincides in the origin with the universal enveloping algebra of the (Borel subalgebra of) Virasoro generators from the Kontsevich model. Thus, we can decompose any (pseudo)differential operator to a combination of the Virasoro operators. Using this decomposition we present the r.h.s. of the Givental formula [1] as a constant part of the differential operator we introduce. In the case of CP 1 studied in [2], the l.h.s. of the Givental formula is a unit, which imposes certain constraints on this differential operator. We explicitly check that these constraints are correct up to O(q 4 ). We also propose a conjecture of factorization modulo Hirota equation of the differential operator introduced and check this conjecture with the same accuracy.
Introduction
It is well known that N = 2 supersymmetric sigma-model with target space M , defined on the genus g Riemann surface, through twisting, leads to the topological field theory [3] . For D = 2 sigma-model, the correlation functions of such topological field theory are known to be some intersection numbers on the target space, and the fields of this theory, which we call primary fields, are in one-to-one correspondence with the elements of H * (M ) (see, for example, [4] ). Thus, for any genus g, the free energy F g M (s) of the theory, as a function of couplings s to primary fields (the space of such couplings is called small phase space) is a generating function for such intersection numbers on the target space. The genus zero free energy F 0 M (s) is described by associativity -WDVV equations [4] [5] . Coupling of the topological field theory to the topological gravity leads to the so called topological string theory. The genus g free energy F g M (t) of this theory, which depends on infinitely many coupling constants t 1 (couplings to gravitational descendants), describes intersection theory on the compactified moduli spaces of genus g punctured Riemann surfaces. Combining F g M (t) for all g into the sum and exponentiating τ M (t) = exp g=0 g−1 F g M (t), one gets a general object which depends on the manifold and is the function of infinitely many coupling constants. We call it τ -function [6] . This function can be considered from many different points of view, which lead to different conditions on τ M (t) ( [4] [7] [8] [9] ) (Virasoro constraints, dilaton and divisor equations). However, in general, they do not seem to be restrictive enough to determine τ M (t) completely.
In fact, there are at least two examples of the manifold M when the function τ M for topological field theory with the target space M turns out to be the τ -function of integrable hierarchy. The first example is the point. Its function τ • , which corresponds to the pure topological gravity [4] , is the τ -function for the KdV hierarchy [10] , [11] . It can be realized as the matrix integral (famous Kontsevich model [12] )
over N × N Hermitian matrix, the coupling constants, i.e. the times from the integrable point of view, are defined as follows
Invariance of this matrix integral with respect to the change of variables [13] , namely,
with ǫ p = M 2p leads to the Virasoro constraints L n τ • (T k ) = 0, n ≥ −1 (see, for instance, [14] , [15] , [16] ) with
, n ≥ −1.
(5) These Virasoro operators form the Borel subalgebra of the Virasoro algebra,
The second example, M = CP 1 , is conjectured to correspond to the Toda hierarchy [8] [17] . The τ -function for it can also be represented as some matrix integral. By analogous consideration, this representation leads to the Borel subalgebra of some other Virasoro algebra which annihilates the τ -function. Therefore, one could expect that the function τ M associated with any manifold, is the τ -function for some integrable hierarchy. This is on of the reasons why we generally call it τ -function.
For several particular manifolds there exist some explicit formulas for F g M . The example of M = CP 1 is, in a sense, the only foreseeable: its whole free energy vanishes on the small phase space, except genus zero and genus one, which are, correspondingly,
and
For CP 2 the genus zero free energy is of the form
2 In our paper, we use another normalization and numeration of times, that is,
which comes from enumerative geometry. 3 Hereafter, we denote as sP , sQ and sR the three coupling constants, corresponding to the cohomology classes 1, ω and ω 2 , with ω being the 2-form ω ∈ H 2 (M ).
and for the expansion coefficients
there is the recursive relation [7] 4
For the genus one free energy
analogous recursion relation was derived in [18] , using Virasoro constraints for CP n and the topological recursion relations (see also [19] )
However, in general, there are no expressions for higher genera similar to (10) , (12) , and only a few first terms in the series like (9), (11) are found. The problem is to construct a regular procedure for finding F M g (s). In this paper, we make a modest contribution to solving this problem. It is based on the remarkable formula which was proposed in [1] with the help of the localization technique, and connects the Kontsevich τ -function (τ • , function for the point on the big phase space) with the τ -function for some (for instance, projective) manifold M on the small phase space, with the genus zero and one contributions omitted
Here s i are coordinates on the small phase space for the manifold M , indices i, j run from 1 to K = dim(H * (M )), and D M (s) is the bilinear pseudodifferential 6 operator acting on t
V ij kl (s), ∆ i (s) and T i k (s) being some functions which can be presented in terms of the genus zero potential F 0 M (s), more precisely on its third derivatives ([1], [2] ). Formula (13) was studied in [2] for the first nontrivial example of the manifold M , CP 1 . Since, as we know from the explicit form of the free energy on the small phase space for CP 1 the l.h.s. of (13 is unity, formula (13) can be considered as an equation imposed on the Kontsevich τ -function. We call it Song equation. 7 In [2] all the necessary coefficients ∆, V and T were calculated, and (13) was checked extensively using the expansion in with the accuracy of O( 4 ). This calculation involves the explicit form of τ • (t) as a series in times. In our paper, we reformulate the problem of calculation of the r.h.s. in (13) Namely, the shift operator
obviously commutes with D M (s), and for the operator
we have the equality
.
(17) The general idea of the paper is to present the operator e 
Here L [l] are products of the Virasoro operators with the nonnegative multiplicities m i , given by multiindices
and, if all multiplicities m i vanish,
where we denote [0]:=(0,0,. . . ,0). Since all the Virasoro operators of the Borel subalgebra annihilate the Kontsevich τ -function, the action of the operator presented in this way on the τ • 's at the point t = 0 is trivial, that is, the only nonvanishing contribution to the l.h.s. of (13) is given by the constant term proportional to (20) :
In particular, the Song equation in terms of
In the case of CP 1 , one can expand the operator
Since for CP 1 the l.h.s. of (13) is equal to 1, the Song equation is equivalent to the condition
In the paper, we check this condition with the accuracy of O(q 4 ). The paper contains two conjectures. The first one which states that any differential operator in times t with constant coefficients can be presented as a combination of the Virasoro operators with some multiplicities at the origin helps to deal with the Givental formula. The second conjecture, whose general structure is still unknown, in particular case of M = CP 1 claims that the operator D ′ CP 1 (23) can be factorized into the sum of two parts, which are tensor squares of differential operators, modulo Hirota equations. Both this conjectures are checked perturbatively in the example of CP 1 with the accuracy of O(q 4 ). The paper is organized as follows: in section 2 we represent the main results of [2] and explicitly present the Virasoro and Hirota constraints which we use in our calculations. Sections 3 and 4 are devoted to our two conjectures, while section 5 contains some concluding remarks.
Main Ingredients
In the paper [2] it was shown that, denoting t (+) n = x n and t (−) n = y n , one has the following differential operator
and introducing α being c-numbers
we can represent times
In the case of CP we have two times on the small phase space but third derivatives of the free energy depend only on one coordinate, s Q . This mean that all components of our construction depends on this one coordinate. α being c-numbers
Coefficients V ++ and V +− in (25) can be presented as bilinear combinations of T + k similar to those in the paper 9 [2] :
8 Since T − n = (−1) n−1 T + n , we should define only one set of T 's. 9 The proper formula has a slight mistake therein.
Taking into account that, in (27) T + 0 = T + 1 = 0, one can explicitly substitute the Kontsevich τ -function to (13) in the case M = CP 1 , and check the equality, expanding the operator and τ -functions in the -series
In this way, one gets an infinite family of equations on the coefficients of the decomposition of τ • ( , t) a n = 0, ∀n > 0 (31)
In the paper [2] , the first three equations were explicitly checked. The Virasoro operators corresponding to our normalization of times, are (see, for example, [20] )
It is also known that any KdV τ -function, in particular, the Kontsevich one, solves the Hirota bilinear equations, the first three of which being (see, for instance, [21] )
which we denote for the sake of brevity as
Connection between Song and Virasoro equations
Consider an arbitrary operator of the form
for some finite k. We experimentally check for small k and n 10 that this operator can be presented as a combination of the Virasoro operators (32) at the origin of the space of times =:
for some finite r, dependent on n and k, where we introduced multiindex [l] = (m −1 , m 0 , . . . , m r ). Some of the multiplicities m i , and even all them, can vanishes. For example,
If this is correct for arbitrary B, one can present any pseudodifferential operator as a combination of the Virasoro operators at the origin of the space of times t. Thus, one can present any tensor product of N differential operators as a sum of tensor products of combinations of the Virasoro operators
with P being some coefficients. This representation can be appropriate for our consideration. In particular, one has
Here the operator
is the combination of the D M and the operator, which shifts the times t 
In our particular case, moving our times to the origin is equivalent to changing the operator D: for the operator .
Now we can check the Song equation perturbatively, not specifying the explicit form of τ • . This is the advantage of our approach, since the approach of the paper [2] required the explicit form of τ • . To study this equation perturbatively, we can expand the operator in the series in q,
and all we must check is that
We check this up to n = 3. The explicit expression for the operator e
acting on τ • 's looks like 11 :
11 This form seems to be convenient, since the operator D ′ CP 1 is symmetric in x and y Now, if one uses the explicit expression for the τ -function τ • , conditions (47) for m = 3n reproduce the conditions a n = 0 from (31). They are only those conditions that restrict the coefficients V ++ , V +− and T + .
Linear equation from the bilinear one
The Song equation is quadratic in τ • . Thus, if one manage to presents the operator e
the Song equation is equivalent to the system of two linear equations
Here f and g are some operators expressed in terms of the Virasoro operators at the origin. It turns out that the conjecture (49) is slightly incorrect, instead, with the accuracy of O(q 4 ), one gets
where H's are combinations bilinear in τ which correspond to the Hirota equations
9
The operators f and g are, respectively,
Conclusion
In the paper, we presented two conjectures, which could help in the "experimental" work with the Givental formula (13), and perturbatively checked them for the simplest example of the manifold CP 1 . In spite of the lack of the complete prove for these conjectures, and even clear formulation of the second one, they could be of some use. One way to use them is to present the differential operator corresponding to the manifold M , completely in terms of the Virasoro operators with the constant coefficients P 
This is equivalent to finding the τ -function of the manifold M on the small phase space, if one additionally knows the genus 1 free energy (the genus zero free energy explicitly enters the coefficients in the r.h.s.). We do not know how to do this nonperturbatively, even for M = CP 1 . The other way is to proceed with perturbative calculations of free energies, for example, in the case of M = CP 2 , using formula (13) and ideas of this paper. Another interesting way to go is to study the formula analogous to (13) such that its l.h.s. contains the free energy (with genus 0 and 1 contributions subtracted) on the big phase space [1] . It gives almost τ M , modulo genus zero and genus one contributions. However, the structure of the r.h.s. is far less transparent in this case.
One also can approach to the Givental formula (13) from another side. Namely, one can take some known τ -function, insert it into the l.h.s. and study the structure of the differential operator at the r.h.s. The interesting example to deal with is provided by the τ -function for the Generalized Kontsevich Model [?].
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